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Buoyant Convection in Radiating Horizontal Fluid Layers
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Buoyancy-driven, two-dimensional convection in a horizontal layer of radiating fluid, confined between
isothermal no-slip surfaces, is calculated with a numerical finite difference method. The radiation model was taken
to be the grey Milne-Eddington approximation, and the formulation includes quite general radiative boundary
conditions. Radiation is found to inhibit convection primarily due to increased stability. For the same ratio of
Grashof to critical Grashof numbers, the flowfields are very similar with and without radiation. Convective heat
flux can decrease the radiative flux below its static values. The radiative model employed resulted in essentially

the same computing time both with and without radiation.

I. Intiroduction

UOYANCY-driven convection occurs in horizontal fluid
layers in a wide variety of situations. In many of these the
characteristic length transverse to the layer, in the direction of
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gravity, is very much less than the distance along the layer. In
such a geometry the thermal drive is related to the density varia-
tion across the layer, in contrast to situations in which the
forcing is due to imposed horizontal gradients of density or
temperature. There is then a stability problem, in addition to the
question of the nature of the flow, once buoyant forcing is
sufficient to overcome the inhibiting action of friction and heat
conduction.

In many instances it is clear that radiative heat transfer also
plays a role in the process. Such is the case with stellar convec-
tion, convection in a planetary atmosphere, and in laboratory
experiments with certain fluids (carbon tetrachloride, ammonia).
The role of radiative transfer in modifying critical conditions
for the onset of convection has been the subject of considerable
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theoretical attention.'~® Reference 2 includes experimental
results. A recent survey by Spiegel” reviews some of this work
as well as other investigations not mentioned here. Radiation
acts in three distinguishable ways to modify stability. It provides
an additional heat transfer mechanism, and this is a stabilizing
influence. It modifies the initial hydrostatic temperature, usually
by increasing the temperature gradient near solid boundaries,
in which case this also stabilizes. Finally, it allows more general
boundary conditions, and their influence can be in either
direction. Clearly, radiation acts in a complex way to modify
those conditions which just allow convection.

Almost nothing can be stated with certainty about the role of
radiation once convection is established. The only relevant
analysis known to us is in Ref. 3, which includes an approximate
estimate of the modification of convective heat transport due to
radiation. This approximation is optically thin and assumes the
flow pattern to be that of linear stability theory. The result is a
reduced convective flux for a fixed value of the excess in Grashof
number above its critical value.

In this paper we describe an exploratory theoretical investiga-
tion of the role of radiative transfer in fully established two-
dimensional buoyant convection, in a fluid layer contained
between two infinite parallel horizontal surfaces. The governing
equations are the unsteady Boussinesq equations of motion with
a radiative heating term contained in the energy equation. This
term is obtained from a grey differential (Milne-Eddington)
model of radiative transfer. A grey assumption need not be fatal
since there exist methods for relating a grey opacity to the opacity
of a real, nongrey fluid. In particular, such a relation based on
equating grey to nongrey radiative relaxation times appears
promising.® The differential approximation is appropriate since
the geometry involves no “shadow” effects which are now known
to cause difficulties with differential methods. Use of this highly
simplified radiation model was dictated by the lack of any other
known method which would allow us to deal with finite resources
with both the multi-dimensional aspect of radiative transfer and
coupled fluid motions of the present case. We further note that
the same differential model is also employed in the stability
analyses of Refs. 4 and 6.

The system of equations is numerically integrated with respect
to the two space coordinates and time. The method used is
essentially Method V of Torrance.® The flow is assumed to be
periodic in the horizontal direction with the period determined
by maximizing the total vertical heat flux across the layer. Based
on our calculations to date, we find no essential complications or
increase in computing effort and expense above that of non-
radiating calculations when our simplified model of radiation
is included. This is one of the more important results of our
study, since it implies that a rational radiation model could be
incorporated into the numerical computation of much more
complex flows, especially those relevant to atmospheric circula-
tion, without undue increase in computing time. Incorporation
of radiation into atmospheric flow models without the usual
empirical and ad hoc basis is then limited only by the degree
to which results such as those to be described turn out to be
realistic.

II.  Governing Equations

The geometry consists of two infinite horizontal planes
separated by the vertical distance H. The lower surface is at
temperature T, the upper at T,. The Boussinesq approximation
of the two-dimensional equations of motion, in a coordinate
system with x the horizontal distance along the lower surface
and y measured upwards from it, gives'®

oU/ox+aV/dy =0 1)
DU 1 6Ap
Sl e Y £ 2
Dt Po 0x VY @
DV A
= —iQA—pﬁL + Wi (3)

BUOYANT CONVECTION IN RADIATING HORIZONTAL LAYERS 89
DAT dT, A
— V< +r>= VIAT + 22 ()
Dr dy P Cyp paCp

Here AT and Ap are the departures of temperature and pressure
from the hydrostatic case, for which temperature and pressure is
Ti(y) and py(y). The same kind of definition holds for AQ, the
local volumetric rate of heating attributable to the temperature
field due to motion. Thus the temperature, pressure, and heating
are given by T = T(y)+AT(x,y), p=pdy)+Ap(x,y) and
0 = Q4(y)+AQ(x, y). The reference quantities p, and T, represent
constant spatial averages of the corresponding variables, and I’
is the dry adiabatic lapse rate given by g/C,, g being the gravita-
tional acceleration. Without motion, the energy equation is

0Tk PL 0
ot poCpdy®  poCp

Without volumetric heating the hydrostatic steady-state has a
linearly decreasing temperature with height, but this no longer
holds for the present study. Determination of the appropriate
static temperature distribution is in fact no longer trivial, and
in our calculations Eq. (5) was solved for it numerically. Once
a steady solution of Eq. (5) is known, AT can be determined
from an equation obtained by adding Eqs. (4) and (5), whose
sum is

DAT _[dT, k LT\ 0
—+V J+I‘>= (VZAT+ S>+—# 6)
( PoC,p ay*) " peCyp

The motivation for writing conservation of energy in form
Eq. (6) is the nonlinear dependence of the total volumetric
heating on temperature when this heating is radiative. It cannot
then be conveniently decomposed into static and dynamic
contributions. When Q, -d?T;/dy?, and T vanish, then Eq. (6)
reduces to a more conventional form often used in pumerical
convection studies (see, for instance, Cabelli and Davis'').

In accounting for radiation we utilize an effective, spectrally
averaged grey absorption coefficient, which is assumed constant
at the value K. How this might vary with H and position to
account for nongrey effects is not considered in this paper. With
I, the directionally averaged radiation intensity and I; the
radiative heat flux (negative if upwards), a radiative Q in Eq. (6)
is given by (see, for instance, Traugott!*)

Q=V-1,=K(I,—4nB), nB=oT* @

A further relation between flux and averaged intensity is given
by the Milne-Eddington approximation. This assumes the flux
to be given by I, = (1/3K)VI,.

We chose to work with I, rather than the flux because it is a
scalar quantity. It obeys the equation

VI, = 3K*(I,~4nB) 8

This equation can be found in Refs. 6 and 14, or derived from
Ref. 4. Equations (1-3, 6, 7, and 8) form a closed set which
determines the velocity, temperature, and radiation fields. The set
used in our computations results from the following manipula-
tions.

Dimensionless variables are introduced with

¢=x/H, n=yH O6=(T-THT-T)
u=UH/)y, v=VHj, t=t/H? i=L/A(T'+T*
Use of a stream function ¢ disposes of Eq. (1), while Eqgs. (2)
and (3) are combined into an equation for the vorticity Q. The

result, with Gr which is the Grashof number and equals
g(Ti—THH?/T,v*, is

)

0 0 0AB
— 4+ — )+ —(Q) =G + V3Q 9
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5% on ¥ (11)
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Equation (6) can be written in the form

LY d
4 TulA 3 e 4+ 9m)] =
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A1 +nY [n+(1—-n)d]*
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The somewhat elaborate appearance of Eq.(12) comes from the
conservative form of the convection terms which is advantageous
for numerical purposes (see, for instance, Emmons'2). These
terms contain y although it is possible and perhaps more con-
ventional to eliminate its occurrence there by working with
potential temperature. This would then cause the adiabatic lapse
rate to appear in the definition of the Grashof number. However,
in the present case y would appear also in the radiation term.
For this reason potential temperature is not used here. Quantities
i and 0 are further related by the dimensionless version of

Eq. (8), or
1-n)f]*
vai — 3kepe| - Lol (13)
(1+n%)
Equation (12) is to be regarded as an equation for
0 = A0+, where 0, is known. The latter comes from a separate
calculation of 8, and i; obtained by following to a steady-state
simultaneous solution of Eq. (13) and the dimensionless version

of Eq. (5), or
oo %0, 221 +4+nMT . [n+(1—n)03]4}
PR l{anz AT — ["_ 1+ (14)

This calculation determines the initial radiative-conductive
state in which, if it is sufficiently unstable to gravitational over-
turning, convection then develops. For this static state the heat
flux across the layer in the 7 {or y) direction is made up of
contributions from conduction and radiation, and in the original
dimensional variables this is g,s = —k(dT;/dy)—~(1/3K)(d],s/dy).

We make the heat flux dimensionless in the usual way with
the purely conductive flux, and then the hydrostatic Nusselt

number is given by

‘ Hg,, do A2 1+n%) dig

= s __+__272(_n*)_1‘ (152)
KTh—-T) dn  12K?H? (1—n) dn

This is unity only without radiation, or the second term on the

right. In general, with convection, the transverse heat flux is

given by

Nug

aT 1 al,
dy 3K dy
This depends on both space coordinates. The horizontally
averaged transverse heat flux is of interest, and with our
periodicity assumption this is obtained by averaging over the
horizontal width of a single convection cell, denoted by L. The
nondimensional result is

1 (o6 22 (+nYai
Nu=——-| |— ———— — Prof |d¢ (15b
" lj(o[an+12K2H2 (A= oy Trvd]de (15b)
where | = L/H.
Equation (15b) serves to define the conductive, radiative, and

convective contributions to the total heat flux by writing it as
Nu = Nug+ Nu; + Nu,,.

4= —k + 0. CV(T-T,)

Boundary Conditions

Equations (9-14) were used to determine the flow, temperature,
and radiation fields. Assuming horizontal periodicity over a
length 2/, symmetry boundary conditions at £ = 0 and & = [ (the
width of a single convection roll) are ¥ = 6%/3E> = OAB/OE =
0i/0¢ = 0. Only small departures from symmetry are reported by
Cabelli and Davis'! from calculations with more general periodic
boundary conditions. As already mentioned, [ is an unknown
which was determined to be that which maximizes Eq. (15b).
The justification for this even without radiation is mostly meta-
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physical (see a brief description in Ref. 13). With radiation
included, the only justification is that no other procedure comes
readily to mind, and that the results obtained seem reasonable
and in agreement with what is known about the influence of
radiation from linear stability analysis. All our results to date
were obtained with no-slip conditions on the horizontal
boundaries, hence at # =0,1: = dY/on = A8 = 0; 6,0) = 1,
0:;1) = 0.

Radiative boundary conditions must be consistent with the
Milne-Eddington approximation. For black walls the appro-
priate conditions are given by Eq. (13) of Ref. 14. A generalized
version is given below, obtained as follows. In Ref. 15 boundary
conditions are derived which are consistent with a two-stream
(or Schuster-Schwarzschild) method. This method is essentially
the same as the Milne-Eddington approximation, with only a
minor difference in a particular numerical factor. Equation (9)
of Ref. 15 contains the emissivity of a nontransmitting surface.
In the present notation, this boundary condition is, for the upper
surface with emissivity ¢,:

Ji 2K He, n*
— = i& 1) — —— 16
(for Schuster-Schwarzschild). Equation (13) of Ref. 14, for ¢ = 1,
can be correspondingly written as

o n*

— = -3)2KH|i- —rgp 16b

an ) [l 1+n* } (16b)
(for Milne-Eddington).

It is not difficult to generalize the analysis of Ref. 15 to allow
transmitting surfaces and to derive boundary conditions for the
Schuster-Schwarzschild method which include a transmissivity
t. Space does not permit inclusion of this derivation. One finds
that any radiation incident on the surface from the outside enters
the formulation, and this radiation was assumed to be isotropic
with intensity 6 Ty*/n, Ty being an effective reservoir black body
temperature for any such external radiation source. The result
is a generalization of Eq. (16a). Based on a comparison between
Eq. (16a)and (16b) for a black surface, we replace the correspond-
ing factor 2 in our generalized derivation with (3)/2 finally
arriving at compatible boundary conditions to be used with
Eq. (13):

g (3YPKH e+ st
= _l=£) (a+1)i — (_l—l—fi—) v
on 2—g—1 14+n (17
oi (3)V:KH Y (eun* +1,m%)
=1 ~= -~ u W —
" . 2—e—t, 14n

Below the lower boundary, upward radiation is radiated from a
reservoir at temperature 7- ,, = sT,. Above the upper boundary,
corresponding downward radiation comes f{rom another
reservoir at T,, = mT,. Obviously, these effects disappear for
nontransmittiong opaque surfaces with ¢ = 0. Their inclusion
allows much greater versatility in generating a quite general
initial static temperature distribution structured by conduction
and radiation.

III. Analytical Considerations

Even to compute only the radiative-conductive state, from
Egs. (13, 14 and 17), is not a trivial matter. Some insight
can be obtained for the case of A, but not KH, large. Then
radiation dominates conduction but is not optically thick. Here
the temperature profile is given essentially by radiative equi-
librium, with vanishing right-hand sides of Egs. (13) and (14) and
i linear in #. Conduction will only act to prevent radiative slip
at the boundaries by structuring large temperature gradients
there. The average intensity and temperature are conveniently
written as

(1+#%i=Din+D, 0= [(Din+Dy)"'*— n]{l—n)
The temperature slip at lower and upper walls, respectively, is
n=0: 6,0—00)=1-00)=(1~D )1 -n)
n=1: 6(1)—0,(1)=01)=[(D1+D)*—n]i1—n)
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From Egs. (17), D, and D, are determined to be
Dy = (3)"*KH[(D3— D4)/Ds]

2 Ds 2 D,
SR S Y (N D V1759 2
D“‘ <81+1‘1 >D5+<Eu+tu +( ) )Ds

Dy = (g,n* +t,m e, +1.), Dy=(e+15s")e+1)
Ds = 2/e;+t)+2/(e,+ )~ 2+ (3)2KH

Anillustration with atmospheric relevance is a hot black lower
surface (the ground) and a completely transmitting cooler upper
surface (the interior of a strong inversion of limited vertical
extent). Suppose further that above the inversion the temperature
is very low, so that one has essentially no thermal radiation
entering the region of interest from above. For this example
g=1,6=0,¢=01t=1 and m= 0. This gives

D, = —(3)2KH/(2+3"2KH)
D, = 1+(3)'2KH/2+ 32K H)
0(1)—-0,(1) = [2-+3)2KH]™ Y —n/(1—n)

The lower surface slip is positive, as usual. But the upper
surface slip can be substantially negative. For instance, with
(3)Y?KH =1 and n = (1+37"*)/n, the upper temperature slip
is — 1. One concludes that temperature profiles quite different
from those between opaque and solid surfaces are possible with
our model from various choices of the available parameters.
Allowing for conduction, one can predict that the temperature
profile for this particular example will be strongly unstable to
vonvection near the bottom and strongly stable near the top.
The width and nature of the interior layer depends, of course,
on A. Detailed profiles can and have been obtained from
numerical analysis, as will be described in Sec. V.

IV. Finite Difference Method

Equations (9-14) were written in finite difference form and
then programed, incorporating the boundary conditions, and
solved on an IBM 370/155 remotely accessed computer. The
finite difference approximations were those of Method V of
Ref. 9. The scheme is explicit and uses: forward time differences;
three-point, noncentral forward or backward differences with
direction depending on velocity for the (conservative) convection
terms; three-point central differences for first space derivatives;
three-point central differences for second space derivatives.
Successive over-relaxation is used, with a relaxation parameter
determined from a formulation given by Young'® As far as
possible we followed the procedures described by Torrance.®!”
We included certain of his shortcuts in which not all
relaxation iterations are performed at every time step early in
the flow development, and in which  and i updates to Q and
f are not performed at every time step when the flow has nearly
attained its asymptotic steady-state. The occurrence of i and its
governing Eq. (13) is of course a new feature in our model and
merits a brief discussion.

In the sequence of operations the average intensity i was
treated in relation to # in an analogous fashion to y as related
to Q. Thus, suppose an advance in time has given a new
temperature field from Eq. (12) and then a new vorticity field
from Eq. (9). The updated v field from Eq. (11) for the new Q,
obtained by the relaxation method, is then, followed by a cor-
responding relaxation of Eq. (13) for an updated radiation field
for the new 6. Nothing essentially different is introduced into
the calculation scheme by the radiation field since Eq. (13) is
elliptic just as is Eq. (11). This, of course, is the principal
advantage in the use of the Milne-Eddington approximation. In
fact, we found no significant difference in running time between
flows with and without radiation. Time step size restrictions are
identical to those of the nonradiating problem, depending only
on the velocity field and mesh size, since the radiation field does
not explicitly depend on time.

The initial static state was obtained by relaxing Eq. (13) in
conjunction with the full unsteady version of Eq. (14). This calcu-
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Fig.1 Static temperatures, transmitting upper and black lower surface,
: m=490,n=088, KH =312,

lation was started with a pure conduction temperature profile
and a radiative equilibrium profile for i.

The convective motion was started with a selected ! and a
small sinusoidal temperature perturbation located at n =4,
turned on only initially. The solution then grew in time if the
static state was convectively unstable, in our limited examples
to date always to a steady state. The optimum cell width was
determined by stretching or shrinking ! and beginning a new
calculation with an input from the previous solution. This
technique was also used to obtain the flow at one Grashof
pumber from that at another. Further, we used this technique
in a stability study to determine Gr, the critical Grashof
number. This was done by greatly reducing by a fixed factor
(107?) the flowfield and Af already calculated at some super-
critical Gr, and then following the subsequent temporal evolution
of this scaled-down solution. This would soon either grow or
decay exponentially except at a particular Grashof number,
which we took to be Gr.. This search for Gr. required far less
time than one initiated by only a small initial temperature
disturbance and no flow.

All results reported in this paper were obtained with a 20 x 20
mesh grid applied to a single convective cell. Typically, solutions
for four values of I, sufficient to locate the maximum heat flux,
and a final run to obtain the maximized solution, were obtain-
able for about 600 (1973) dollars. All calculations are for Pr = 1
and y = 0. A comparison of computing time between radiating
and nonradiating convection can be made as follows. As steady
state is approached and only one or two relaxation iterations
are necessary, a typical nonradiative calculation required 124 sec
to cover a time interval of At = 0.16. With radiation, the same
time interval took 182 sec of computer time.

V. Numerical Results

Initial Static State

An example of a static calculation which illustrates the effect
of a transmitting surface is shown in Fig. 1. The surface
parameters are those of the example discussed analytically in
Sec. III. The numerical calculation shows, as anticipated, pro-
gressively more narrow conduction boundary layers with increas-
ing . This case serves to establish confidence in our numerical
method of integrating Eq. (13), since the results appear to tend
properly towards the analytically established radiative equi-
librium limit (1 - o). The profiles depart radically from the
pure conduction limit, A = 0, and show how temperature profiles
of atmospheric interest can be produced by our very simple
model.-No convective calculations have as yet been made for this
case.

All radiative-convective calculations to date were done with
the much more conventional static temperature profile of Fig. 2.
Here both upper and lower surfaces are black, and a not very
large 4% of 31.4 was chosen to avoid very narrow conduction
layers. The optical thickness of the layer is again KH = 3712
neither large nor small. The temperature profile is typically
§ shaped. The corresponding heat flux profiles are given in Fig. 3.
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The radiative flux is larger than the conductive by a factor of
roughly 9. Both temperature and radiative heat flux qualitatively
resemble experimental profiles in carbon tetrachloride shown in
Figs. 82 and 83 of Ref. 18.

Conditions for the Onset of Convection

Knowledge of critical values of Gr, or Gr,, is very helpful in
the interpretation of convective motion. In Fig. 4 we show a
composite plot which summarizes what we have found for the
effect of radiation both on neutral stability conditions and
convection in supercritical conditions. The lower portion of
Fig. 4 gives Gr, as a function of I, the horizontal non-
dimensional cell width. The dashed curve comes from the classical
result of linear stability analysis which gives Gr. as a function
of disturbance wave number, for no-slip surfaces. As is well
known, the minimum is at Gr, = 1707 and, in our notation,
I=1.008. The X on the curve is the result of our numerical
search, at [ =1, for that Gr for which a small disturbance
will neither grow nor decay. This gave a Gr. of 1700115,
another accuracy check on our numerical work. With radiation,
Gr. is considerably increased, and our determination of the mini-
mum for A2=314, KH=3"12is Gr.=5100+100 at I =
0.850+0.025. The slightly lower certainty here results from the
need to scarch for /. This increase in Gr. and decrease in [,
agrees qualitatively with results in Refs. 3 and 6. A quantitative
comparison was not possible due to differences in choice of
parameters; at best one can say that for our conditions a cross-
plot of results given in Ref. 6 gives 4000 < Gr, < 6800.

Developed Convection

Asymptotically steady, finite amplitude convection was calcu-
lated for four cases, where a case is defined to include a search
for the optimizing cell width. One can interpret the four examples
physically in terms of an experiment in which a variation in
gravity is available (a centrifuge). A given container with
different but fixed wall temperatures could contain two fluids,
identical in all respects except that one but not the other is
strongly absorbent to thermal radiation. One could increase Gr
for the nonradiating fluid by speeding up the centrifuge. Then,
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Fig. 3 Static heat fiuxes, both surfaces black, n = 0.88, 1% = 314,
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Fig. 4 Neutral stability and supercritical convective heat flux.

at fixed speed, one could substitute the radiating fluid to produce
the necessary A2 at fixed Gr. Finally, the speed could again be
increased with the radiating fluid. The four cases have Grashof
numbers of 3.35x 10 and 1x10* without radiation, and
Gr = 1x10% 3x10* with radiation. Both radiating examples
have the values of A% and KH used just above. The rationale
for our choice of Gr was that, for the values of Gr. given
just above, one then has only two values of Gr/Gr,, both with
and without radiation. These are 1.97 and 5.89. As will be seen,
it is this ratio upon which convection appeared primarily to
depend. This conclusion follows from the upper part of Fig. 4.
We have shown there a measure of the vertically averaged
convective flux as a function of /, both with and without radia-
tion. This measure is Nu = Nu— Nu,, obtained by subtracting
the vertically averaged dimensionless static flux from the total
flux. Without radiation, of course, Nu,= 1. Our radiative
examples have Nu, = 10.41. With radiation the quantity Nu is
not identical to the vertically averaged convective flux but was
found to be somewhat smaller. This is because Nu; # Nu,,. Based
on the limited data available it appeared that the most effective
way of incorporating radiation into the variation of intensity of
convection with thermal driving, was to use Nu and Gr/Gr.. The
solid curves were drawn to pass through the x symbols which
represent radiationless calculations, and vanish at values of [
given by critical conditions as shown in the lower portion of the
figure. The circled x symbols represent our radiative calculations.
Note that the circled symbol on the ! axis is relevant to both
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Fig. 6 Nonradiative heat fluxes, Gr = 10,000.

lower and upper portions of the figure if one identifies absence
of convection with critical stability conditions.

Several things are of interest. Radiation decreases the maximiz-
ing I This conclusion is obvious when the comparison is made
at the same value of Gr/Gr,, but even at the same Gr (1 x 10%),
the lower set of radiative data seem to peak at a slightly lower
cell width than the upper solid curve. This radiative lowering
of optimum cell width for finite amplitude convection agrees with
the linear stability trend of decreasing I, with radiation discussed
earlier. Further, while it is true that at a given value of Gr radia-
tion drastically decreases convection, this is primarily an effect of
an increase in stability. Most of this effect disappears when a
comparison is made between radiating and nonradiating flows
at the same value of Gr/Gr,, and on this basis radiation results
in a slight to moderate increase in convection, or at least our
measure of it.

Figures 5-8f show details of the vertical flux distribution, for
the four cases, evaluated at the optimum /. These were taken to be,
respectively, I =0.93, 0.85, 0.79, and 0.70 for Gr = 335x10°
and 1 x10* A2 =0; Gr = 1x10* and 3 x 10*, A2 = 31.4. Thus
the four stepsin the imaginary sequence of experiments described
-above lead to a monotonic decrease of cell width. The non-
radiating examples, Figs. 5 and 6, show nothing not already
known. Surface values have been extrapolated from data at
interior points, subject to the constraint of constant total flux.
The interior calculated flux is constant to about one part in 10*.
Radiative convection is shown in Figs. 7 and 8. These, taken
together with the corresponding hydrostatic heat balance of
Fig. 3, illustrate the development of progressively more intense
convection, from rest to Grashof numbers of 1 x 10* and 3 x 10*.
One sees, as expected, the total heat flux across the layer
increasing with increasing convection, and progressively less
conduction in the interior of the layer, just as without radiation.
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Fig. 7 Heat fluxes in a radiating layer, Gr = 10,000, n = 0.88,
KH =312 32 =314.

I These figures in an earlier preprint version of this paper exhibit
noticeable vertical variations of total heat flux. This was due to
inconsistent evaluation of the last term in Eq. (15b), and this has
been corrected. We acknowledge the prodding of a reviewer.

BUOYANT CONVECTION IN RADIATING HORIZONTAL LAYERS 93
Lo T T T T T 3
0.8 "\ M ;i Nu E 4

ul A‘Nuv E
s i ; !
5 ! ; §
i i
0.4} i i % N
0.2~ -
o |
Nug J
0 1 1 1 / 1 1 T
-2 0 2 4 6 8 10 12

Nu
Fig. 8 Heat fluxes in a radiating layer, Gr = 30,000, n = 0.88,
KH =342 ,2=314.

A slight amount of “counter-gradient” conduction was found in
the center at the higher Grashof numbers both with and without
radiation. An interesting effect is the reduction of radiative flux
below its hydrostatic distribution due to convection. The effect
is not very large, but then neither are our largest values of Gr.
It would be interesting to see to what extent very intense
motion could carry the entire burden of heat transport in the
interior of convecting layers, at large Gr, even in presence of
radiation.

Detailed features of our solutions are shown in Figs. 9-12,
corresponding to the examples of Figs. 5-8. Only half of a cell
pair is shown. The plots were obtained on a Calcomp 665
plotter. Each of these figures displays, from left to right, lines
of constant y, Q, 6, and, with radiation, i. All contours for
these variables are normalized to divide the difference between
maximum and minimum of the respective functions into 10
intervals. The contours of constant vorticity need interpretation.
The circulation in these flows is upwards on the left and down-
wards on the right, as can be seen from the isotherms. This
corresponds to vorticity opposite in sign to that induced by
friction on the no-slip walls, hence the vertical vorticity distribu-
tion shows a sign reversal which manifests itself as a mainly
horizontal dividing line in a vorticity contour plot. This can be
used as a convenient qualitative measure of boundary-layer
thickness. Our vorticity contour normalization was based on
these wall, rather than interior, vorticities.

The nonradiating flow in Fig. 9 and the radiating flow in
Fig. 11 correspond to the same (lower) value of Gr/Gr,, and
Fig. 4 shows that they have nearly the same convective flux. A
comparison was made between them by re-plotting the contours
of Fig. 9 to the same horizontal length scale as that in Fig. 11.
The contours are then nearly indistinguishable, despite their
large discrepancy in Gr. For the radiating examples contours
of constant average intensity, i, are very nearly horizontal. Since
iis a potential for the radiative flux, this means that the horizontal
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Fig. 11 Radiating solutions, Gr = 10,000.
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Fig, 12 Radiating solutions, Gr = 30,000.

flux in our examples is far less than the vertical flux despite the
fully two-dimensional nature of the temperature field. Here it is
important to remember the limited extent of our examples, in
particular with respect to optical depth. If this quasi-one-
dimensional feature were to hold generally, it might serve to
Justify one-dimensional radiative modeling in flows such as these
and be a result of some importance.

V1. Summary and Conclusions

The following conclusions can be drawn from this study,
although their general validity has clearly not been established
by our very limited choice of examples and parameters. Radia-
tion strongly inhibits buoyancy driven convection in a horizontal
fluid layer. Most of this effect appears to be due to radiative
modification of the neutral stability boundary. When flows with
and without radiation are compared at the same ratio of Grashof
to critical Grashof numbers, they then exhibit convective heat
fluxes that are qualitatively the same, but at a reduced cell
width. Convective heat flux appears to grow with increasing
Grashof number, at the expense of both conduction and radiative
flux in the interior of the layer. With a fully two-dimensional
radiative model and temperature field, the calculated radiation
field is nevertheless essentially one dimensional for an optical
depth chosen to be neither very small nor very large.

These results were obtained for only one radiative-conductive
initial state, with a temperature distribution not drastically
different from the purely conductive linear profile. Our model,
as shown, in Fig. 1, permits much more radical departures, and
an investigation of convection in such cases, for a variety of
optical depths, appears to be the obvious direction for further
work.
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